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Abstract
A new formulation of the thermodynamic field theory (TFT) is
presented. In this new version, one of the basic restriction in the
old theory, namely a closed-form solution for the thermodynamic field
strength, has been removed. In addition, the general covariance prin-
ciple is replaced by Prigogine’s thermodynamic covariance principle
(TCP). The introduction of TCP required the application of an appro-
priate mathematical formalism, which has been referred to as the iso-
entropic formalism. The validity of the Glansdorff-Prigogine Universal
Criterion of Evolution, via geometrical arguments, is proven. A new
set of thermodynamic field equations, able to determine the nonlinear
corrections to the linear (”Onsager”) transport coefficients, is also de-
rived. The geometry of the thermodynamic space is non-Riemannian
tending to be Riemannian for hight values of the entropy production.
In this limit, we obtain again the same thermodynamic field equations
found by the old theory. Applications of the theory, such as transport
in magnetically confined plasmas, materials submitted to temperature
and electric potential gradients or to unimolecular triangular chemical
reactions can be found at references cited herein.
1 Introduction
It is known that, close to equilibrium, the transport equations (i.e. the flux-
forces equations) of a thermodynamic system are provided by the Onsager
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relations. Indicating with Xµ and Jµ the thermodynamic forces and fluxes,
respectively, the Onsager relations read
Jµ = τ0µνX
ν (1)
where τ0µν are the transport coefficients. We suppose that all quantities
involved in Eqs (1) are written in dimensionless form. Matrix τ0µν can be
decomposed into a sum of two matrices, one symmetric and the other skew-
symmetric, which we denote with Lµν and f0µν, respectively. The second
principle of thermodynamics imposes that Lµν be a positive definite matrix.
In this equation, as in the remainder of this paper, the Einstein summation
convention on the repeated indexes is adopted. The most important prop-
erty of Eqs (1) is that near equilibrium, the coefficients τµν are independent
of the thermodynamic forces, so that
∂τ0µν
∂Xλ
= 0 (2)
The region where Eqs (2) hold, is called Onsager’s region or, the linear
region. Many important theorems have been demonstrated for thermody-
namic systems in the Onsager region. Among them, the most important
one is the Minimum Entropy Production Theorem, showed by Prigogine in
1945-1947 [1]. This theorem establishes that, in the Onsager region, for a−a
processes1, a thermodynamic system relaxes towards a steady-state in such
a way that the rate of the entropy production is negative
dσ
dt
≤ 0
(dσ
dt
= 0 at the steady state
)
(3)
where σ = LµνX
µXν indicates the entropy production and t is time. In
1954, Glansdorff and Prigogine demonstrated a more general theorem, valid
also when the system is out of the Onsager region [3]. They showed that,
regardless of the type of processes, a thermodynamic system relaxes towards
a steady-state in such a way that the following quantity P is negative
P ≡ Jµ dX
µ
dt
≤ 0
(
P = 0 at the steady state
)
(4)
1Here, we adopt the De Groot-Mazur terminology [2]: when the velocity’s distribution
function of particles is an even (odd) function of the velocities of particles, the processes
is referred to as a a-process (b-process). It is possible to show that this definition implies
that the a-processes only involve the symmetric part of the Onsager matrix whereas the
b-processes only the skew-symmetric one.
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Inequality (4) reduces to inequality (3) for a − a processes in the Onsager
region. For spatially-extended systems, the expression in Eqs. (4) should be
replaced by
P ≡
∫
Ω
Jµ dX
µ
dt
dv ≤ 0
(
P = 0 at the steady state
)
(5)
where dv is the volume element and the integration is over the entire space Ω
occupied by the system in question. Jµ(r, t) and X µ(r, t) denote the space-
time dependent fluxes and forces, respectively. The inequality expressed in
(4) [or in (5)] is referred to as the Universal Criterion of Evolution and it is
the most general result obtained up to now in thermodynamics of irreversible
processes. Out of the Onsager region, the transport coefficients may depend
on the thermodynamic forces and Eqs (2) may loose their validity. Trans-
port, in the nonlinear region, has been largely studied, both experimentally
and theoretically. In particular, many theories, based on the Fourier ex-
pansion of the transport coefficients in terms of the thermodynamic forces,
have been proposed (see, for example, refs [4], [5] and [6]). The theoretical
predictions are however in disagreement with the experiments and this is
mainly due to the fact that, in the series expansion, the terms of superior
order are greater than those of inferior order. Therefore truncation of the
series at some order is not mathematically justified.
A thermodynamic field theory (TFT) has been proposed in 1999 in order to
evaluate how the relations between fluxes and forces, Eqs (1), deform when
the thermodynamic system is far from the linear (”Onsager”) region [7]. At-
tempts to derive a generally covariant thermodynamic field theory (GTFT)
can be found in refs [8]. The characteristic feature of the TFT is its purely
macroscopic nature. This does not mean a formulation based on the macro-
scopic evolution equations, but rather a purely thermodynamic formulation
starting solely from the entropy production and from the transport equa-
tions, i.e., the fluxes-forces relations. The latter provide the possibility of
defining an abstract space (the thermodynamic space), covered by the n
independent thermodynamic forces Xµ, whose metric is identified with the
symmetric part of the transport matrix. The law of evolution is not the dy-
namical law of particle motion, or the set of two-fluid macroscopic equations
of plasma dynamics. The evolution in the thermodynamic space is rather
determined by postulating three purely geometrical principles: the Shortest
Path Principle, the Thermodynamic Field Strength in closed form, and the
Principle of Least Action. From theses principles, a set of field equations,
constraints, and boundary conditions are derived. These equations, referred
to as the thermodynamic field equations, determine the nonlinear corrections
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to the linear (”Onsager”) transport coefficients. However, the formulation of
the thermodynamic field theory, as reported in refs [7], raises the following
fundamental objection
There are no strong experimental evidences supporting the requirement that
the thermodynamic field strength is in a closed form.
Moreover, the principle of general covariance, which in refs [8] has been as-
sumed to be valid for general transformations in the space of thermodynamic
configurations, is, in reality, respected only by a very limited class of thermo-
dynamic processes. In this paper, through an appropriate mathematical for-
malism, the iso-entropic formalism, the entire TFT is re-formulated remov-
ing the assumptions regarding the closed-form of the thermodynamic field
strength and the general covariance principle (GCP). The GCP is replaced
by the thermodynamic covariance principle (TCP), or the Prigogine state-
ment [1], establishing that thermodynamic systems, obtained by a trans-
formation of forces and fluxes in such a way that the entropy production
remains unaltered, are thermodynamically equivalent. This principle ap-
plies to transformations in the thermodynamic space, and they are referred
to as the thermodynamic coordinate transformations (TCT). It is worth-
while mentioning that the TCP is actually largely used in a wide variety of
thermodynamic processes ranging from non equilibrium chemical reactions
to transport processes in tokamak plasmas (see, for examples, the papers
and books cited in refs [9]) and [10]). To the author knowledge, the valid-
ity of the thermodynamic covariance principle has been verified empirically
without exception in physics until now.
The analysis starts from the following observation. Consider a relaxation
process of a thermodynamic system in the Onsager region. If the system
relaxes towards a steady-state along the shortest path in the thermodynamic
space, then the Universal Criterion of Evolution is automatically satisfied.
Indeed, in this case, we can write
JµX˙
µ = (Lµν + f0µν)X
νX˙µ (6)
where the dot over the variables indicates the derivative with respect to the
arc parameter ς, defined as
dς2 = (LµνdX
µdXν)1/2 (7)
Parameter ς can be chosen in such a way that it vanishes when the system
begins to evolve and it assumes the value, say l, when the system reaches
the steady-state. In the Onsager region, the thermodynamic space is an
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Euclidean space with metric Lµν . The equation of the shortest path reads
X¨µ = 0, with solution of the form
Xµ = aµς + bµ (8)
where aµ and bµ are arbitrary constant independent of the arc parame-
ter. Inserting Eq. (8) into Eq. (6) and observing that Lµνa
µaν = 1 and
f0µνa
µaν = 0, we find
JµX˙
µ = ς + τ0µνa
µbν (9)
At the steady state (i.e. for ς = l) JµX˙
µ |st.state= 0 (because P |st.state= 0).
Eq. (9) can then be written as
P = −(l − ς) ≤ 0 (with P ≡ JµX˙µ) (10)
or
P = −(l − ς)
(
Lµν
dXµ
dt
dXν
dt
)1/2
≤ 0 (11)
The equation for the dissipative quantity P , when the thermodynamic sys-
tem relaxes in the linear region, is thus given by Eq. (9):
dP
dς
= 1 (12)
Also note that σ˙ = 2P ≤ 0 i.e., the minimum entropy production theorem
is also satisfied during relaxation. Outside of Onsager’s region, one may be
tempted to construct a Riemannian space (of 3 or more dimensions) which is
projectively flat i.e., having a vanishing Weyl’s projective curvature tensor.
In this case, indeed, there exists a coordinate system such that the equations
of the shortest path are linear in the coordinates [i.e., the shortest paths are
given by equations of the form (8)]. In this respect, we have the following
Weyl theorem [11]: a necessary and sufficient condition that a Riemannian
space be projectively flat is that its Riemannian curvature be constant ev-
erywhere. On the other hand, to re-obtain the Onsager relations, we should
also require that, near equilibrium, the Riemannian space reduces to a flat
space (which has zero Riemannian curvature). The Weyl theorem can be
conciliated with our request only if there exists a coordinate system such
that Eqs (2) are valid everywhere, which is in contrast with experiments.
Thus one wants the Universal Criterion of Evolution satisfied also out of
the Onsager region, without imposing a priori any restrictions on transport
coefficients, a non-Riemannian thermodynamic space is required. Clearly, a
transport theory without a knowledge of microscopic dynamical laws can not
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be developed. Transport theory is only but an aspect of non-equilibrium sta-
tistical mechanics, which provides the link between micro and macro-levels.
This link appears indirectly in the ”unperturbed” matrices, i.e. the Lµν and
the f0µν coefficients, used as an input in the equations: these coefficients
have to be calculated in the usual way by kinetic theory.
In section 2, we introduce a non-Riemannian space whose geometry is con-
structed in such a way that
A. The theorems valid when a generic thermodynamic system relaxes out
of equilibrium are satisfied;
B. The differential equations for the transport coefficients are covariant
under the thermodynamic coordinate transformations (TCT).
We shall see that the properties of geometry do not depend on the short-
est paths but upon a particular expression of the affine connection. Our
geometry is then of affine type and not of projective type. At the end of
section 2 we derive the field equations for the transport coefficients through
an appropriate mathematical formalism: the iso-entropic formalism. This
formalism allows to respect the Prigogine statement. New objects like ther-
modynamic covariant differentiation or the thermodynamic curvature are
also introduced. We shall see that under the weak-field approximation and
when σ ≫ 1, but only in these limits, the new thermodynamic field equa-
tions reduce to the ones obtained in refs [7]. So that, all results found in
refs [12], for magnetically confined plasmas, and in refs [13], for the nonlin-
ear thermoelectric effect and the unimolecular triangular reaction, remain
valid. In section 3 it is shown that this formalism is able to verify the ther-
modynamic theorems (in particular, the Universal Criterion of Evolution)
for systems relaxing out of the Onsager region. Mathematical details and
demonstrations of the theorems are reported in the annexes.
2 The Iso-Entropic Formalism
Consider a thermodynamic system driven out from equilibrium by a set of n
independent thermodynamic forces {Xµ} (µ = 1, · · · n). It is also assumed
that the system is submitted to time-independent boundary conditions. The
set of conjugate flows, {Jµ}, is coupled to the thermodynamic forces through
the relation
Jµ = τµνX
ν (13)
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where τµν denote the transport coefficients. The symmetric piece of τµν is
denoted with gµν and the skew-symmetric piece as fµν :
τµν =
1
2
(τµν + τνµ) +
1
2
(τµν − τνµ) = gµν + fµν (14)
where
gµν =
1
2
(τµν + τνµ) = gνµ (15)
fµν =
1
2
(τµν − τνµ) = −fνµ (16)
It is assumed that gµν is a positive definite matrix. With the elements
of the transport coefficients two objects are constructed: operators, which
may act on thermodynamic tensorial objects and thermodynamic tensorial
objects, which under coordinate (forces) transformations, obey to well spec-
ified transformation rules.
Operators
Two operators are introduced, the entropy production operator σ(X) and
the dissipative quantity operator P (X), acting on the thermodynamic forces
in the following manner
σ(X) :→ σ(X) ≡ XgXT
P (X) :→ P (X) ≡ XτX˙T (17)
In Eqs (17), the transport coefficients are then considered as elements of
the two n x n matrices, τ and g. The positive definiteness of the matrix
gµν ensures the validity of the second principle of thermodynamics: σ ≥ 0.
These matrices multiply the thermodynamic forces X expressed as n x 1
column matrices. The dot symbol stands for derivative with respect to
parameter ς, defined in Eq. (29). Thermodynamic states Xs such that
P (Xs) = 0 (18)
are referred to as steady-states. These are physical quantities and should re-
main invariant under thermodynamic coordinate transformations. Eqs (17)
should not be interpreted as the metric tensor gµν , which acts on the coor-
dinates. The metric tensor acts only on elements of the tangent space (like
dXµ, see the forthcoming paragraphs) or on the thermodynamic tensorial
objects.
Transformation Rules of Entropy Production, Forces and Flows
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According to Prigogine’s statement [1], thermodynamic systems are ther-
modynamically equivalent if, under transformation of fluxes and forces the
bilinear form of the entropy production, σ, remains unaltered. In mathemat-
ical terms, this implies:
σ = JµX
µ = J ′µX
′µ (19)
This condition requires that the transformed thermodynamic forces and
flows satisfy the relation
X ′µ =
∂X ′µ
∂Xν
Xν
J ′µ =
∂Xν
∂X ′µ
Jν (20)
These transformations are referred to as Thermodynamic Coordinate Trans-
formations (TCT). The expression of entropy production becomes accord-
ingly
σ = JµX
µ = τµνX
µXν = gµνX
µXν = g′µνX
′µX ′ν = σ′ (21)
From Eq. (21) we find
g′λκ = gµν
∂Xµ
∂X ′λ
∂Xν
∂X ′κ
(22)
Moreover, inserting Eqs (20) and Eq. (22) into relation Jµ = (gµν + fµν)X
ν ,
we obtain
J ′λ =
(
g′λκ + fµν
∂Xµ
∂X ′λ
∂Xν
∂X ′κ
)
X ′κ (23)
or
J ′λ = (g
′
λκ + f
′
λκ)X
′κ with f ′λκ = fµν
∂Xµ
∂X ′λ
∂Xν
∂X ′κ
(24)
Hence, the transport coefficients transform like a thermodynamic tensor of
second order 2.
Properties of the TCT
By direct inspection, it is easy to verify that the general solutions of equa-
tions (20) are
X ′µ = X1Fµ
(X2
X1
,
X3
X2
, · · · X
n
Xn−1
)
(25)
2We may qualify as thermodynamic tensor (taken as a single noun) a set of quantities
where only transformations Eqs (20) are involved. This is in order to qualify as a tensor,
a set of quantities, which satisfies certain laws of transformation when the coordinates
undergo a general transformation. Consequently every tensor is a thermodynamic tensor
but the converse is not true.
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where Fµ is an arbitrary function of variables Xj/Xj−1 with (j = 2, . . . , n).
We may (or we must) require that, in the Onsager region, Eqs (25) reduce
to linear homogeneous transformations
X ′µ = cµνX
ν (26)
where cµν are constant coefficients (i.e., independent of the thermodynamic
forces). Note that from Eq.(20), the following important identities are de-
rived
Xν
∂2X ′µ
∂Xν∂Xκ
= 0 ; X ′ν
∂2Xµ
∂X ′ν∂X ′κ
= 0 (27)
Moreover
dX ′µ =
∂X ′µ
∂Xν
dXν
∂
∂X ′µ
=
∂Xν
∂X ′µ
∂
∂Xν
(28)
i.e., dXµ and ∂/∂Xµ transform like a thermodynamic contra-variant and
a thermodynamic covariant vector, respectively. According to Eq. (28),
thermodynamic vectors dXµ define the tangent space to Ts. It also follows
that the operator P (X), i.e. the dissipation quantity, and in particular the
definition of steady-states, are invariant under TCT. Parameter ς, defined
as
dς2 = gµνdX
µdXν (29)
is a scalar under TCT. The operator O
O ≡ Xµ ∂
∂Xµ
= X ′µ
∂
∂X ′µ
= O′ (30)
is also invariant under TCT. This operator plays an important role in the
formalism.
Thermodynamic Space, Thermodynamic Covariant Derivatives and
Thermodynamic Curvature
A non-Riemannian space with a linear connection Γµαβ is now introduced.
Consider an n-space in which the set of quantities Γµαβ is assigned as func-
tions of the n independent thermodynamic forces Xµ, chosen as coordinate
system. Under a coordinate (forces) transformation, it is required that the
functions Γµαβ transform according to the law
Γ′
µ
αβ = Γ
ν
λκ
∂X ′µ
∂Xν
∂Xλ
∂X ′α
∂Xκ
∂X ′β
+
∂X ′µ
∂Xν
∂2Xν
∂X ′α∂X ′β
(31)
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With the linear connection Γµαβ , the absolute derivative of a thermodynamic
contra-variant vector T µ along a curve can be defined as
δT µ
δς
=
dT µ
dς
+ ΓµαβT
α dX
β
dς
(32)
It is easily checked that, if the parameter along the curve is changed from
ς to ̺, then the absolute derivative of a thermodynamic tensor field with
respect to ̺ is dς/d̺ times the absolute derivative with respect to ς. The
absolute derivative of any contra-variant thermodynamic tensor may be eas-
ily obtained generalizing Eq. (32). In addition, the linear connection Γµαβ is
submitted to the following basic postulates:
1. The absolute derivative of a thermodynamic contra-variant tensor is a
thermodynamic tensor of the same order and type.
2. The absolute derivative of an outer product of thermodynamic tensors,
is given, in terms of factors, by the usual rule for differentiating a
product.
3. The absolute derivative of the sum of thermodynamic tensors of the
same type is equal to the sum of the absolute derivatives of the ther-
modynamic tensors.
In a space with a linear connection, we can introduce the notion of the
shortest path defined as a curve such that a thermodynamic vector, initially
tangent to the curve and propagated parallelly along it, remains tangent to
the curve at all points. By a suitable choice of the parameter ̺, the differ-
ential equation for the shortest path is simplified reducing to
d2Xµ
d̺2
+ Γµαβ
dXα
d̺
dXβ
d̺
= 0 (33)
To respect the general requirement A. (see section 3), it is required that the
absolute derivative of the entropy production satisfies the equality
δσ
δς
= Jµ
δXµ
δς
+Xµ
δJµ
δς
(34)
More in general, it is required that the operations of contraction and absolute
differentiation commute for all thermodynamic vectors. As a consequence,
the considered space should be a space with a single connection. The ab-
solute derivative of a covariant thermodynamic vector Tµ is then defined
as
δTµ
δς
=
dTµ
dς
− ΓαµβTα
dXβ
dς
(35)
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The absolute derivative of the most general contra-variant, covariant and
mixed thermodynamic tensors may be obtained generalizing Eqs (32) and
(35).
The derivatives, covariant under TCT, of thermodynamic vectors, are de-
fined as
T µ|ν =
∂T µ
∂Xν
+ ΓµανT
α
Tµ|ν =
∂Tµ
∂Xν
− ΓαµνTα (36)
For the entropy production, it is also required that
σ|µ|ν = σ|ν|µ (37)
More in general, Eq. (37) should be verified for any thermodynamic scalar
T . This postulate requires that the linear single connection Γµαβ is also
symmetric i.e., Γµαβ = Γ
µ
βα. A non-Riemannian geometry can now be con-
structed out of n2(n+1)/2 quantities, the components of Γµαβ, according to
the general requirements A and B mentioned in the introduction.
In the forthcoming paragraph, the expression of the affine connection Γµαβ is
determined from assumption A. In section 3 it is shown that the Universal
Criterion of Evolution, applied to thermodynamic systems relaxing towards
a steady-state, is automatically satisfied along the shortest path if, in case
of symmetric processes (i.e., for a− a processes), we impose
Γµαβ =
1
2
gµλ
(∂gλα
∂Xβ
+
∂gλβ
∂Xα
− ∂gαβ
∂Xλ
)
+
1
2σ
XµO(gαβ) (38)
In the general case, we have
Γµαβ = N¯
µκgκλ
{
λ
αβ
}
+
N¯µκ
2σ
XκO(gαβ) + N¯
µκ
2σ
XκX
λ
(∂fαλ
∂Xβ
+
∂fβλ
∂Xα
)
+
N¯µκ
2σ
fκςX
ςXλ
(∂gαλ
∂Xβ
+
∂gβλ
∂Xα
)
(39)
where the thermodynamic Christoffel symbols of the second kind are intro-
duced {
µ
αβ
}
=
1
2
gµλ
(∂gλα
∂Xβ
+
∂gλβ
∂Xα
− ∂gαβ
∂Xλ
)
(40)
and matrix N¯µκ is defined as
Nµν ≡ gµν + 1
σ
fµκX
κXν +
1
σ
fνκX
κXµ with N¯
µκ : N¯µκNνκ = δ
µ
ν (41)
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In appendix 6 it is proven that the affine connections Eqs (38) and (39)
transform, under a TCT, as in Eq. (31) and satisfy the postulates 1., 2. and
3. From Eq. (41) we obtain
Nµν = Nνµ
NµνX
ν =
(
gµν +
1
σ
fµκX
κXν +
1
σ
fνκX
κXµ
)
Xν = Jµ
NµνX
µ =
(
gµν +
1
σ
fµκX
κXν +
1
σ
fνκX
κXµ
)
Xµ = Jν (42)
NµνX
νXµ = JµX
µ = σ
While
N¯µκ = N¯κµ
N¯µκJµ = N¯
µκNµνX
ν = N¯κµNνµX
ν = Xκ (43)
N¯µκJκ = N¯
κµJκ = X
µ
N¯µκJκJµ = X
µJµ = σ
The shortest path is the same for two symmetric connections whose coeffi-
cients are related as
Γ¯µαβ = Γ
µ
αβ + δ
µ
αψβ + δ
µ
βψα (44)
where ψα is an arbitrary covariant thermodynamic vector and δ
µ
ν denotes the
Kronecker tensor. In literature, modifications of the connection similar to
Eqs (44) are referred to as projective transformations of the connection and
ψα the projective covariant vector. The introduction of the affine connection
gives rise to the following difficulty: the Universal Criterion of Evolution is
satisfied for every shortest path constructed with affine connections Γ¯µαβ,
linked to Γµαβ by projective transformations. This leads to an indetermi-
nation of the expression for the affine connection, which is not possible to
remove by using the Prigogine statement and the thermodynamic theorems
alone. This problem can be solved by postulating that the thermodynamic
field equations (i.e., the field equations for the affine connection and the
transport coefficients) be symmetric and projective-invariant (i.e., invariant
under projective transformations).
For any covariant thermodynamic vector field Tµ, we can form the thermo-
dynamic tensor Rµνλκ in the following manner [14]
Tν|λ|κ − Tν|κ|λ = TµRµνλκ (45)
where
Rµνλκ =
∂Γµνκ
∂Xλ
− ∂Γ
µ
νλ
∂Xκ
+ ΓηνκΓ
µ
ηλ − ΓηνλΓµηκ (46)
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with Rµνλκ satisfying the following identities
Rµνλκ = −Rµνκλ
Rµνλκ +R
µ
λκν +R
µ
λνκ = 0 (47)
Rµνλκ|η +R
µ
νκη|λ +R
µ
νηλ|κ = 0
By contraction, we obtain two distinct thermodynamic tensors of second
order
Rνλ = R
µ
νλµ =
∂Γµνµ
∂Xλ
− ∂Γ
µ
νλ
∂Xµ
+ ΓηνµΓ
µ
ηλ − ΓηνλΓµηµ
Fλν =
1
2
Rµµλν =
1
2
(∂Γµνµ
∂Xλ
−
∂Γµλµ
∂Xν
)
(48)
with Fλν being skew-symmetric and Rνλ asymmetric. Tensor Rνλ can be
re-written as
Rνλ = Bνλ + Fλν where
Bνλ = Bλν =
1
2
(∂Γµνµ
∂Xλ
+
∂Γµλµ
∂Xν
)
− ∂Γ
µ
νλ
∂Xµ
+ ΓηνµΓ
µ
ηλ − ΓηνλΓµηµ (49)
Hence, Fλν is the skew-symmetric part of Rνλ. It is argued that the thermo-
dynamic field equations can be derived by variation of a stationary action,
which involves Rνλ. Symmetric and projective-invariant field equations may
be obtained by proceeding in following manner: 1) a suitable projective
transformation of the affine connection is derived so that Rνλ be symmetric
and Fλν be a zero thermodynamic tensor and 2) the most general projective
transformation that leave unaltered Rνλ and Fλν (= 0) is determined. By a
projective transformation, it is found that
B¯νλ = Bνλ + n
( ∂ψν
∂Xλ
− ψνψλ
)
−
( ∂ψλ
∂Xν
− ψνψλ
)
F¯λν = Fλν +
n+ 1
2
( ∂ψλ
∂Xν
− ∂ψν
∂Xλ
)
(50)
Eq. (48) shows that Fλν can be written as the curl of the vector aν/2 defined
as [15]
aν = Γ
κ
κν −
{
κ
κν
}
(51)
Consequently, by choosing
ψν = − 1
n+ 1
(
Γκκν −
{
κ
κν
})
(52)
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we have F¯λν = 0 and R¯νλ = B¯νλ. From Eqs (50), we also have that the ther-
modynamic tensor R¯νλ remains symmetric for projective transformations of
connection if, and only if, the projective covariant vector is the gradient of
an arbitrary function of the X’s [15]. In this case, the thermodynamic tensor
F¯ λν remains unaltered i.e., F¯ λν = 0. Hence, at this stage, the expression
of the affine connection is determined up to the gradient of a function, say
φ, of the thermodynamic forces, which is also scalar under TCT. Let us im-
pose now the projective-invariance. Eqs (50) indicate that a necessary and
sufficient condition that R¯νλ be projective-invariant is that
∂2φ
∂Xλ∂Xν
− ∂φ
∂Xλ
∂φ
∂Xν
= 0 with

φ = 0
∂φ
∂Xµ = 0
∂2φ
∂Xµ∂Xν = 0
(in the Onsager region) (53)
where φ is a function, invariant under TCT. The solution of Eq. (53) is φ ≡ 0
everywhere. The final expression of the affine connection for symmetric
processes reads then
Γµαβ=
{
µ
αβ
}
+
1
2σ
XµO(gαβ)− 1
2(n+ 1)σ
[
δµαX
νO(gβν)+δµβXνO(gαν)
]
(54)
The general case is given by
Γµαβ = N¯
µκgκλ
{
λ
αβ
}
+
N¯µκ
2σ
XκO(gαβ) + N¯
µκ
2σ
XκX
λ
(∂fαλ
∂Xβ
+
∂fβλ
∂Xα
)
+
N¯µκ
2σ
fκςX
ςXλ
(∂gαλ
∂Xβ
+
∂gβλ
∂Xα
)
+ ψαδ
µ
β + ψβδ
µ
α (55)
where
ψν =−N¯
ηκgκλ
n+ 1
{
λ
ην
}
− N¯
ηκXκ
2(n+ 1)σ
O(gνη)− N¯
ηκ
2(n+ 1)σ
XκX
λ
(∂fηλ
∂Xν
+
∂fνλ
∂Xη
)
− N¯
ηκ
2(n + 1)σ
fκςX
ςXλ
(∂gηλ
∂Xν
+
∂gνλ
∂Xη
)
+
1
n+ 1
∂ log
√
g
∂Xν
(56)
Note that the thermodynamic space tends to reduce to a (thermodynamic)
Riemannian space when σ−1 ≪ 1. The following definitions are adopted:
• The space, covered by n independent thermodynamic forces Xµ, with
metric tensor gµν and a linear single connection given by Eq. (55), may
be referred to as thermodynamic space Ts (or, space of the thermody-
namic forces).
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In Ts, the length of an arc is defined by the formula
L =
∫ ς2
ς1
(
gµν
dXµ
dς
dXν
dς
)1/2
dς (57)
The positive definiteness of matrix gµν ensures that L ≥ 0. Consider a
coordinate system Xµ, defining the thermodynamic space Ts.
• All thermodynamic spaces obtained from Ts by a TCT transformation,
may be called iso-entropic spaces.
In the TFT description, a thermodynamic configuration corresponds to a
point in the thermodynamic space Ts. The equilibrium state is the origin of
the axes. Consider a thermodynamic system out of equilibrium, represented
by a certain point, say a, in the thermodynamic space
• A thermodynamic system is said to relax towards another point of
the thermodynamic space, say b, if it moves from point a to point b
following the shortest path (33), with the affine connection given in
Eq. (55).
• With Eq. (55), Eqs (36) may be called the thermodynamic covariant
differentiation of a thermodynamic vector while Eqs. (32) and (35) the
thermodynamic covariant differentiation along a curve of a thermody-
namic vector.
• With affine connection Eq. (55), Rµνλκ may be called the thermody-
namic curvature tensor.
• The scalar R obtained by contracting the thermodynamic tensor Rνλ
with gνλ (i.e. R = Rνλg
νλ) may be called the thermodynamic curva-
ture scalar.
The Principle of Least Action
From expression (55), the following mixed thermodynamic tensor of third
order can be constructed
Ψµαβ ≡ N¯µκgκλ
{
λ
αβ
}
+
N¯µκ
2σ
XκO(gαβ) + N¯
µκ
2σ
XκX
λ
(∂fαλ
∂Xβ
+
∂fβλ
∂Xα
)
+
N¯µκ
2σ
fκςX
ςXλ
(∂gαλ
∂Xβ
+
∂gβλ
∂Xα
)
+ ψαδ
µ
β + ψβδ
µ
α −
{
µ
αβ
}
(58)
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This thermodynamic tensor satisfies the important identities
Ψααβ = Ψ
β
αβ = 0 (59)
Again, from Ψµαβ the mixed thermodynamic tensor of fifth order can be
constructed
Sµνλαβ ≡
1
2
(
Ψµβλδ
ν
α +Ψ
µ
αλδ
ν
β +Ψ
ν
βλδ
µ
α +Ψ
ν
αλδ
µ
β −Ψµαβδνλ −Ψναβδµλ
)
(60)
By contraction, a thermodynamic tensor of third order, a thermodynamic
vector and a thermodynamic scalar can be formed as follows
Sµνλ ≡ Sµνλαβgαβ = Ψµλαgνα +Ψνλαgµα −
1
2
Ψµαβg
αβδνλ −
1
2
Ψναβg
αβδµλ
Sµ ≡ Sµλλ =
1− n
2
Ψµαβg
αβ (61)
S ≡ Sµνλ Ψλµν = 2ΨκλµΨλκνgµν
The following postulate is now introduced:
There exists a thermodynamic action I, scalar under TCT , which is sta-
tionary with respect to arbitrary variations in the transport coefficients and
the affine connection.
This action, scalar under TCT , constructed from the transport coefficients
and their first and second derivatives, should have linear second derivatives.
In addition, it should be stationary when the affine connection takes the
expression given in Eq. (55). The only action satisfying these requirements
is
I =
∫ [
Rµν − (Γλαβ − Γ˜λαβ)Sαβλµν
]
gµν
√
g dnX (62)
where dnX denotes an infinitesimal volume element in Ts and Γ˜κµν is the
expression given in Eq. (55) i.e., Γ˜κµν = Ψ
κ
µν +
{
κ
µν
}
. To avoid misun-
derstanding, while it is correct to mention that this postulate affirms the
possibility of deriving the thermodynamic field equations by a variational
principle it does not state that the expressions and theorems obtained from
the solutions of the thermodynamic field equations can also be derived by
a variational principle. In particular the well-known Universal Criterion
of Evolution established by Glansdorff-Prigogine can not be derived by a
variational principle (see also section 3).
The Thermodynamic Field Equations
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As a first step, the transport coefficients and the affine connection are
subjected to infinitesimal variations i.e., gµν → gµν + δgµν , fµν → fµν +
δfµν and Γ
κ
µν → Γκµν + δΓκµν , where δgµν , δfµν and δΓκµν are arbitrary,
except that they are required to vanish as | Xµ |→ ∞. By imposing that
the action (62) is stationary with respect to arbitrary variations in gµν ,
fµν and Γ
κ
µν , the thermodynamic field equations (i.e., the equations for the
transport coefficients and the affine connection) are derived. The results
are, respectively (see appendix 7)
Rµν − 1
2
gµνR = −Sαβλ
δΓ˜λαβ
δgµν
Sαβλ
δΓ˜λαβ
δfµν
= 0 (63)
gµν|λ = −Ψαµλgαν −Ψανλgαµ
where the variations of the affine connection (55) with respect to the trans-
port coefficients appear in the first two equations. From the first equation
of Eqs (63), the expression for the thermodynamic curvature scalar is given
as
R =
2
n− 2g
µνSαβλ
δΓ˜λαβ
δgµν
(64)
The third equation of Eqs (63) can be re-written as
gµν,λ − Γαµλgαν − Γανλgαµ = −Ψαµλgαν −Ψανλgαµ (65)
where the comma (, ) denotes partial differentiation. Adding to this equation
the same equation with µ and λ interchanged and subtracting the same
equation with ν and λ interchanged gives
gµν,λ + gλν,µ − gµλ,ν = 2gανΓαλµ − 2gανΨαλµ (66)
or
Γκλµ =
{
κ
λµ
}
+Ψκλµ = Γ˜
κ
λµ (67)
For a− a processes, close to the Onsager region, it holds that
gµν = Lµν + hµν +O(ǫ
2)
λσ = O(ǫ) with ǫ = Max
{ | Eigenvalues[gµν − Lµν ] |
Eigenvalues[Lµν ]
}
≪ 1 (68)
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where λσ ≡ 1/σ and hµν are small variations with respect to Onsager’s
coefficients. In this region, Eq. (62) is stationary for arbitrary variations of
hµν and Γ
κ
µν . It can be shown that [7]
Lλκ
∂2hµν
∂Xλ∂Xκ
+ Lλκ
∂2hλκ
∂Xµ∂Xν
− Lλκ ∂
2hλν
∂Xκ∂Xµ
− Lλκ ∂
2hλµ
∂Xκ∂Xν
= 0 +O(ǫ2)
gµν;λ = 0 +O(ǫ
2) or Γκµν =
1
2
Lκη(hµη,ν + hνη,µ − hµν,η) +O(ǫ2) (69)
where the semicolon indicates the covariant derivative performed with the
Christoffel symbols. Eqs (68) should be solved with the appropriate gauge-
choice and boundary conditions.
The validity of Eqs (69) has been largely tested by analyzing several sym-
metric processes, such as the thermoelectric effect and the unimolecular
triangular chemical reactions [7]. More recently, these equations have been
also used to study transport processes in magnetically confined plasmas. In
all examined examples, the theoretical results of the TFT are in line with
experiments. It is worthwhile mentioning that, for transport processes in
tokamak plasmas, the predictions of the TFT for radial energy and matter
fluxes are much closer to the experimental data than the neoclassical the-
ory (based on linearized Boltzmann’s equation), which fails with a factor
103 ÷ 104 [10] and [12].
Some Remarks on Spatially Extended Thermodynamic Systems
The macroscopic description of thermodynamic systems gives rise to
state variables that depend continuously on space coordinates. In this case,
the thermodynamic forces possess an infinity associated to each point of the
space coordinates. The system may be subdivided into N cells (NxNxN in
three dimensions), each of which labeled by a wave-number k, and we follow
their relaxation. Without loss of generality, we consider a thermodynamic
system confined in a rectangular box with sizes lx, ly and lz. Denoting with
k the wave-number
k = 2π
(nx
lx
,
ny
ly
,
nz
lz
)
with


nx = 0,±1, · · · ±Nx
ny = 0,±1, · · · ±Ny
nz = 0,±1, · · · ±Nz
(70)
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the fluxes and forces, developed in (spatial) Fourier’s series, read
Jµ(r, t) =
N∑
n=−N
Jˆµ(k)(t) exp(ik · r)
X µ(r, t) =
N∑
n′=−N
Xˆµ(k′)(t) exp(ik
′ · r) (71)
where, for brevity, n andN stand for n = (nx, ny, nz) andN = (Nx, Ny, Nz),
respectively. The Fourier coefficients are given by
Jˆµ(k)(t) =
1
Ω
∫
Ω
Jµ(r, t) exp(−ik · r)dv
Xˆµ(k′)(t) =
1
Ω
∫
Ω
X µ(r, t) exp(−ik′ · r)dv (72)
In particular, the contributions at the thermodynamic limit (i.e., for k→ 0)
are expressed as
Jˆµ(0)(t) =
1
Ω
∫
Ω
Jµ(r, t)dv = Jµ(t)
Xˆµ(0)(t) =
1
Ω
∫
Ω
X µ(r, t)dv = Xµ(t) (73)
The entropy production and the transport relations take, respectively, the
form
σ(r, t) = Jµ(r, t)X µ(r, t) ≥ 0
Jµ(r, t) = τµν(r, t)X ν(r, t) (74)
Considering that
∫ lx
0
∫ ly
0
∫ lz
0
exp[i(k + k′) · r]dv = Ω δk+k′,0 with (75)
δk+k′,0 =
{
0 if k+ k′ 6= 0
1 if k+ k′ = 0
and Ω = lxlylz
from the first equation of Eq. (74) we also find
∫
Ω
Jµ(r, t)X µ(r, t) dv = Ω
(
Jˆµ(0)(t)Xˆ
µ
(0)(t) +
∑
k 6=0
Jˆµ(k)(t)Xˆ
µ
(−k)(t)
)
≥ 0
(76)
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On the other hand, we have
Jˆµ(0)(t) = τˆµν(0)(t)Xˆ
ν
(0)(t) +
∑
k 6=0
τˆµν(k)(t)Xˆ
ν
(−k)(t) (77)
where
τˆµν(k)(t) =
1
Ω
∫
Ω
τµν(r, t) exp(−ik · r)dv (78)
Eq. (76) can then be brought into the form
∫
Ω
σ dv = Ωgˆµν(0)(t)Xˆ
µ
(0)(t)Xˆ
ν
(0)(t)
+Ω
∑
k 6=0
(
τˆµν(k)(t)Xˆ
ν
(−k)(t)Xˆ
ν
(0)(t) + Jˆµ(k)(t)Xˆ
µ
(−k)(t)
)
≥ 0 (79)
where
gˆµν(k)(t) =
1
Ω
∫
Ω
Gµν(r, t) exp(−ik · r)dv with
Gµν(r, t) ≡ 1
2
[τµν(r, t) + τνµ(r, t)] (80)
In Eq. (79), the first term is the contribution at the thermodynamic limit
whereas the second expression reflects the interactions between the k-cell
and the other cells. In a relaxation process, contributions from different
wave-numbers are negligible with respect to those with same wave-numbers
and, hence, we finally obtain
∫
Ω
σ dv ≃ Ωgˆµν(0)(t)Xˆµ(0)(t)Xˆν(0)(t) > 0 ∀ Xˆ
µ
(0)(t) (and σ 6= 0) (81)
Last inequality is satisfied for any Xˆµ(0)(t) if, and only if
gˆµν(0)(t) =
1
Ω
∫
Ω
Gµν(r, t) dv = gµν(t) (82)
is a positive definite matrix. Therefore, for spatially extended thermody-
namic systems, we replace Xµ(t) → Xµ(k)(t) and τµν(t) → τµν(k)(t). Un-
der these conditions, Eqs (63) determine the nonlinear corrections to the
Onsager coefficients while Eqs (32) and Eqs (36), with affine connection
Eq. (55), are the thermodynamic covariant differentiation along a curve and
the thermodynamic covariant differentiation of a thermodynamic vector, re-
spectively.
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The Privileged Thermodynamic Coordinate System
By definition, a thermodynamic coordinate system is a set of coordinates
defined so that the expression of the entropy production takes the form of
Eq. (19). Once a particular set of thermodynamic coordinates is determined,
the other sets of coordinates are linked to the first one through a TCT [see
Eqs (20)]. The simplest way to determine a particular set a coordinate
transformation is to quote the entropy balance equation
∂ρs
∂t
+∇ · Js = σ (83)
where ρs is the local total entropy per unit volume and Js is the entropy
flux. Let us consider, as an example, a thermodynamic system confined in a
rectangular box where chemical reactions, diffusion of matter, macroscopic
motion of the volume element (convection) and heat current take place si-
multaneously. The entropy flux and the entropy production read [16], [17]
Js =
1
T
(Jq −
∑
i
Jiµi) +
∑
i
ρivisi
σ = Jq ·∇ 1
T
− 1
T
∑
i
Ji ·
[
∇
(µi
T
)
−Fi
]
+
∑
i
wiAi
T
− 1
T
∑
ij
Πij∂rivj ≥ 0 (84)
(85)
where µi, ρisi and Ai are the chemical potential, the local entropy and the
affinity of species ”i”, respectively. Moreover, Fi indicates the external force
per unit mass acting on ”i”, Πij the components of the dissipative part of
the pressure tensor Mij (Mij = pδij + Πij ; p is the hydrostatic pressure)
and vj is the component of the hydrodynamic velocity (see, for example, ref.
[18]). The set of thermodynamic coordinates is given as
{
∇ 1
T
; − 1
T
[
∇
(µi
T
)
−Fi
]
;
Ai
T
; − 1
T
∂rivj
}
(86)
For this particular example, this set may be referred to as the privileged
thermodynamic coordinate system. Other examples of privileged thermody-
namic coordinate system, concerning magnetically confined plasmas, can be
found in refs [10], [12] and [19].
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3 Thermodynamic Theorems for Systems out of
Equilibrium
In 1945-1947, Prigogine proved the minimum entropy production theorem
[1], which concerns the relaxation of thermodynamic systems near equilib-
rium. This theorem states that:
Minimum Entropy Production Theorem (MEPT)
For a− a processes, a thermodynamic system, near equilibrium, relaxes
to a steady-state Xs in such a way that the inequality
dσ
dt
≤ 0 (87)
is satisfied throughout the evolution and is only saturated at Xs.
The minimum entropy production theorem is generally not satisfied far from
equilibrium. However, P. Glansdorff and I. Prigogine demonstrated in 1964
that a similar theorem continues to hold for any relaxation to a steady-state,
which reads [3]
Universal Criterion of Evolution (UCE)
When the thermodynamic forces and conjugate flows are related by a
generic asymmetric tensor, regardless of the type of processes, for time-
independent boundary conditions a thermodynamic system, even in strong
non-equilibrium conditions, relaxes towards a steady-state in such a way that
the following universal criterion of evolution is satisfied:
P ≡ Jµ dX
µ
dt
≤ 0 (88)
This inequality is only saturated at Xs.
For a− a processes, the UCE reduces to the MEPT in the Onsager region.
Again, Glansdorff and Prigogine demonstrated this theorem using a purely
thermodynamical approach. In this section we shall see that if the system
relaxes towards a steady-state along the shortest path then the Universal
Criterion of Evolution is automatically satisfied.
By definition, a necessary and sufficient condition for a curve to be the
shortest path is that it satisfies the differential equation
d2Xµ
dt2
+ Γµαβ
dXα
dt
dXβ
dt
= ϕ(t)
dXµ
dt
(89)
where ϕ(t) is a determined function of time. If we define a parameter ̺ by
d̺
dt
= c exp
∫
ϕ∗dt with ϕ∗ = ϕ− 2ψν dX
ν
dt
(90)
22
where c is an arbitrary constant and ψν the projective covariant vector,
Eq. (89) reduces to Eq. (33) with Γµαβ given by Eq. (39). Parameter ̺ is not
the affine parameter s of the shortest path. The relation between these two
parameters is
̺ = b
∫
exp
(
−2
∫
ψνdX
ν
)
ds (91)
where b is an arbitrary constant. Eq. (90) allows us to choose the parame-
ter ̺ in such a way that it increases monotonically as the thermodynamic
system evolves in time. In this case, c is a positive constant and, without
loss of generality, we can set c = 1. Parameter ̺ can also be chosen so
that it vanishes when the thermodynamic system begins to evolve and it
takes the (positive) value, say l¯, when the system reaches the steady-state.
Multiplying Eq. (33) with the flows Jµ and contracting, we obtain
Jµ
d2Xµ
d̺2
+ JµΓ
µ
αβ
dXα
d̺
dXβ
d̺
= 0 (92)
However
Jµ
d2Xµ
d̺2
=
dP˜
d̺
−
(dς
d̺
)2
− dX
α
d̺
dXβ
d̺
Xλ
∂gαλ
∂Xβ
− dX
α
d̺
dXβ
d̺
Xλ
∂fαλ
∂Xβ
(93)
where P˜ = Jµ
dXµ
d̺ and after taking into account the identities fµν
dXµ
d̺
dXν
d̺ =
0 and gµν
dXµ
dς
dXν
dς = 1. In addition, recalling Eq. (43) and the relations
XµX
µ = σ and fµνX
µXν = 0, it can be shown that
JµΓ
µ
αβ
dXα
d̺
dXβ
d̺
=
dXα
d̺
dXβ
d̺
Xλ
∂gαλ
∂Xβ
+
dXα
d̺
dXβ
d̺
Xλ
∂fαλ
∂Xβ
(94)
Summing Eq. (93) with Eq. (94) and considering Eq. (92), gives
dP˜
d̺
=
(dς
d̺
)2
(95)
Integrating Eq. (95)] from the initial condition to the steady-state, we find
P˜ (Xs)− P˜ =
∫ (dς
d̺
)2
d̺ ≥ 0 (96)
From Eq. (18) we have P˜ (Xs) = P (Xs)dς/d̺ = 0, so we finally obtain
P˜ = Jµ
dXµ
d̺
= −
∫ (dς
d̺
)2
d̺ ≤ 0 (97)
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where the inequality is only saturated at the steady-state. Recalling Eq. (90),
the inequality established by the UCE can be derived
P = P˜ d̺
dt
= Jµ
dXµ
d̺
(
exp
∫
ϕ∗dt
)
≤ 0 (98)
Eq. (95) can be re-written as
d
dς
[(dς
d̺
)
P
]
=
(dς
d̺
)
(99)
This equation generalizes Eq. (12), which was valid only in the near equi-
librium region (notice that, in the linear region, dς/d̺ = 1/b). Integrating
Eq. (99), the expression of the dissipative quantity P is derived
P = −
(d̺
dς
)∫ l
ς
(dς ′
d̺
)
dς ′ = −
(
gµν
dXµ
d̺
dXν
d̺
)−1/2∫ l
ς
(
gµν
dXµ
d̺
dXν
d̺
)1/2
dς ′
(100)
On the right, it is understood that the X’s are expressed in terms of ̺(ς).
Eq. (100) generalizes Eq. (10), which was valid only in the linear region. For
a − a processes in the Onsager region, Eq. (98) implies the validity of the
inequality (87). Indeed, Eq. (34) gives
δσ
δ̺
=
dσ
d̺
= Jµ
δXµ
δ̺
+Xµ
δJµ
d̺
= 2Jµ
δXµ
δ̺
+XµXν
δLµν
δ̺
(101)
In the linear region, the coefficients of the affine connection vanish. Eq. (101)
is simplified reducing to
dσ
dt
=
dσ
d̺
d̺
dt
= 2
(
Jµ
dXµ
d̺
d̺
dt
)
= 2P ≤ 0 (102)
where the inequality is saturated only at the steady state. Let us now
consider spatially extended thermodynamic systems. In space-dependent
systems, the dissipative quantity should be expressed in the integral form
P =
∫
Ω
Jµ(r, t)dtX µ(r, t) dv (103)
where dtX µ ≡ dX µ/dt. In terms of wave-vectors k, Eq. (103) can be brought
into the form
P = Ω
(
Jˆµ(0)(t)dtXˆ
µ
(0)(t) +
∑
k 6=0
Jˆµ(k)(t)dtXˆ
µ
(−k)(t)
)
(104)
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where Eq. (75) has been taken into account. As already mentioned in section
2, in a relaxation process, contributions from different wave-numbers are
negligible with respect to those with same wave-numbers and, hence, we
finally obtain
P ≃ ΩJµ(t)dtXµ(t) ≤ 0 (105)
where Eq. (98) has been taken into account. It is therefore proven that
the Universal Criterion of Evolution is automatically satisfied if the system
relaxes along the shortest path. Indeed it would be more exact to say: the
affine connection, given in Eq. (39), has been constructed in such a way
that the UCE is satisfied without imposing any restrictions on the trans-
port coefficients (i.e., on matrices gµν and fµν). In addition, analogously to
Christoffel’s symbols, the elements of the affine connection are constructed
from matrices gµν and fµν and their first derivatives in such a way that all
coefficients vanish in the Onsager region. Eq. (39) provides the simplest
expression satisfying these requirements.
The Minimum Rate of Dissipation Principle (MRDP)
In ref.[8] the validity of the following theorem is shown:
The generally covariant part of the Glansdorff-Prigogine quantity is always
negative and is locally minimized when the evolution of a system traces out
a geodesic in the space of thermodynamic configurations.
It is important to stress that this theorem does not refer to the Glansdorff-
Prigogine expression reported in Eq. (88) but only to its generally covariant
part. Moreover, it concerns the evolution of a system in the space of ther-
modynamic configurations and not in the thermodynamic space. One could
consider the possibility that the shortest path in the thermodynamic space
is an extremal for the functional∫ ς2
ς1
JµX˙
µdς (106)
The answer is negative. Indeed, a curve is an extremal for functional
Eq. (106) if, and only if, it satisfies Euler’s equations3
X˙ν
( ∂Jν
∂Xµ
− ∂Jµ
∂Xν
)
= 0 (107)
As it can be easily checked, this extremal coincides with the shortest path
if
1
2
(Mµα
∂Xβ
+
Mµβ
∂Xα
)
− ΓκαβMµκ = 0 where (108)
Mµν ≡ Jν,µ − Jµ,ν = 2fνµ +Xκ(gνκ,µ − gµκ,ν) +Xκ(fνκ,µ − fµκ,ν)
3Notice that Jν,µ − Jµ,ν is a thermodynamic tensor of second order.
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and Γκαβ given in Eq. (55). However, Eqs. (108) are n
2(n + 1)/2 equations
for n2 variables (the transport coefficients) and, in general, for n 6= 1, they
do not admit solutions. We have thus another proof that the Universal
Criterion of Evolution can not be derived from a variational principle.
4 Conclusions and Limit of Validity of the Ap-
proach
The main purpose of this paper is to present a new formulation of the
thermodynamic field theory (TFT) where one of the basic restrictions in the
old theory, the closed-form of the thermodynamic field strength (see ref.[7]),
has been removed. Furthermore, the general covariance principle, respected,
in reality, only by a very limited class of thermodynamic processes, has
been replaced by the thermodynamic covariance principle, first introduced
by Prigogine for treating non equilibrium chemical reactions. The validity
of the Prigogine statement has been successfully tested, without exception
until now, in a wide variety of physical processes going beyond the domain of
chemical reactions. The introduction of this principle requested, however,
the application of an appropriate mathematical formalism, which may be
referred to as the iso-entropic formalism. The construction of the present
theory rests on two assumptions:
• The thermodynamic theorems valid when a generic thermodynamic
system relaxes out of equilibrium are satisfied;
• There exists a thermodynamic action, scalar under thermodynamic
coordinate transformations, which is stationary for general variations
in the transport coefficients and the affine connection.
A non-Riemannian geometry has been constructed out of the components of
the affine connection, which has been determined by imposing the validity
of the Universal Criterion of Evolution for non-equilibrium system relaxing
towards a steady-state. Relaxation expresses an intrinsic physical property
of a thermodynamic system. The affine connection, on the other hand, is
an intrinsic property of geometry allowing to determine the equation for the
shortest path. It is the author’s opinion that a correct thermodynamical-
geometrical theory should correlate these two properties. It is important to
mention that the geometry of the thermodynamic space tends to be Rieman-
nian for small values of the inverse of the entropy production. In this limit,
we obtain again the same thermodynamic field equations found in ref.[7].
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The results established in refs [12], for magnetically confined plasmas, and
in refs [13], for the nonlinear thermoelectric effect and the unimolecular
triangular reaction, remain then valid.
Finally, note that the transport equations may take even more general
forms than Eq. (13). The fluxes and the forces can be defined locally as
fields depending on space coordinates and time. The most general transport
relation takes the form
Jµ(r, t) =
∫
Ω
dr′
∫ t
0
dt′Lµν(X(r′, t′))Xν(r− r′, t− t′) (109)
This type of nonlocal and non Markovian equation expresses the fact that
the flux at a given point (r, t) could be influenced by the values of the forces
in its spatial environment and by its history. Whenever the spatial and
temporal ranges of influence are sufficiently small, the delocalization and
the retardation of the forces can be neglected under the integral
Lµν(X(r′, t′))Xν(r−r′, t− t′) ≃ Lµν(X(r, t))Xν (r, t)δ(r−r′)δ(t− t′) (110)
and the transport equations reduces to
Jµ(r, t) ≃ τµν(X(r, t))Xν(r, t) (111)
where
τµν(X(r, t)) =
∫
Ω
dr′
∫ t
0
dt′Lµν(X(r, t))δ(r − r′)δ(t − t′) (112)
In the vast majority of cases studied at present in transport theory, it is as-
sumed that the transport equations are of the form of Eq. (111). However,
equations of the form Eq. (109) may be met when we deal with anomalous
transport processes such as, for example, transport in turbulent tokamak
plasmas [20]. Eq. (110) establishes, in some sort, the limit of validity of
the present approach: Eqs (63) determine the nonlinear corrections to the
linear (”Onsager”) transport coefficients whenever the width of the nonlo-
cal coefficients can be neglected. Moreover, it is implicitly understood that
the thermodynamic quantities (temperature, pressure etc.) are evaluated
making use of the local equilibrium principle. This last limitation, however,
may be overcame by combining the TFT with the Extended Irreversible
Thermodynamics (EIT) [21]. This will be addressed in the future.
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6 Appendix 1: Transformation Law and Proper-
ties of the Affine Connection Eq.(55).
In this section we show that the affine connection Eq. (55) transforms, under
TCT, as in Eq. (31) and satisfies the postulates 1., 2. and 3. We first note
that the quantity δλαψβ+δ
λ
βψα transforms like a mixed thermodynamic tensor
of third rank
δλαψβ + δ
λ
βψα = (δ
τ
ρψν + δ
τ
νψρ)
∂X ′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
(113)
Thus, if Eq. (39) transforms, under TCT, like Eq. (31), then so will be
Eq. (55). Consider the symmetric processes. From Eq. (22), we have
∂g′αβ
∂X ′κ
=
∂gρν
∂X̺
∂X̺
∂X ′κ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+ gρν
∂2Xρ
∂X ′κ∂X ′α
∂Xν
∂X ′β
+ gρν
∂2Xρ
∂X ′κ∂X ′β
∂Xν
∂X ′α
(114)
The thermodynamic Christoffel symbols transform then as
{
λ
αβ
}′
=
{
τ
ρν
}
∂X ′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+
∂X ′λ
∂Xρ
∂2Xρ
∂X ′α∂X ′β
(115)
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Recalling that σ′ = σ, from Eq. (114) we also find
N¯
′λκ
2σ′
X ′κO′(g′αβ) =
N¯ τη
2σ
XηO(gρν)∂X
′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
(116)
1
2σ′
X ′λO′(g′αβ) =
1
2σ
XτO(gρν)∂X
′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
where Eqs (20) and Eqs (27) have been taken into account. Therefore, the
affine connection
Γτρν =
{
τ
ρν
}
+
1
2σ
XτO(gρν)− 1
2(n + 1)σ
[δτρX
ηO(gνη)+δτνXηO(gρν)] (117)
transforms as
Γ′
λ
αβ = Γ
τ
ρν
∂X ′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+
∂X ′λ
∂Xρ
∂2Xρ
∂X ′α∂X ′β
(118)
Consider the general case. From Eq. (22) we obtain
1
2
( ∂g′ακ
∂X ′β
+
∂g′βκ
∂X ′β
− ∂g
′
αβ
∂X ′κ
)
=
∂X̺
∂X ′κ
∂Xρ
∂X ′α
∂Xν
∂X ′β
[1
2
(∂gν̺
∂Xρ
+
∂gρ̺
∂Xν
− ∂gρν
∂X̺
)]
+gρν
∂2Xρ
∂X ′α∂X ′β
∂Xν
∂X ′κ
(119)
From Eq. (24), we also have
∂f ′αµ
∂X ′β
=
∂fρη
∂Xς
∂Xς
∂X ′β
∂Xρ
∂X ′α
∂Xη
∂X ′µ
+fρη
∂2Xρ
∂X ′β∂X ′α
∂Xη
∂X ′µ
+fρη
∂2Xρ
∂X ′β∂X ′µ
∂Xη
∂X ′α
∂f ′βµ
∂X ′α
=
∂fςη
∂Xρ
∂Xς
∂X ′β
∂Xρ
∂X ′α
∂Xη
∂X ′µ
+fρη
∂2Xρ
∂X ′α∂X ′β
∂Xη
∂X ′µ
+fρη
∂2Xρ
∂X ′α∂X ′µ
∂Xη
∂X ′β
(120)
Taking into account Eqs (20) and Eqs (27) we find
X ′κX
′µ
∂f ′αµ
∂X ′β
= X̺X
η ∂fρη
∂Xν
∂X̺
∂X ′κ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+XνX
ηfρη
∂2Xρ
∂X ′α∂X ′β
∂Xν
∂X ′κ
X ′κX
′µ
∂f ′βµ
∂X ′α
= X̺X
η ∂fνη
∂Xρ
∂X̺
∂X ′κ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+XνX
ηfρη
∂2Xρ
∂X ′α∂X ′β
∂Xν
∂X ′κ
(121)
from which we obtain
1
2σ′
X ′κX
′µ
( ∂f ′αµ
∂X ′β
+
∂f ′βµ
∂X ′α
)
=
∂X̺
∂X ′κ
∂Xρ
∂X ′α
∂Xν
∂X ′β
[ 1
2σ
X̺X
η
(∂fρη
∂Xν
+
∂fνη
∂Xρ
)]
+
1
σ
XνX
ηfρη
∂2Xρ
∂X ′α∂X ′β
∂Xν
∂X ′κ
(122)
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where, as usual, σ denotes the entropy production. Let us now re-consider
the transformations of the following quantities
∂g′αµ
∂X ′β
=
∂gρη
∂Xς
∂Xς
∂X ′β
∂Xρ
∂X ′α
∂Xη
∂X ′µ
+gρη
∂2Xρ
∂X ′β∂X ′α
∂Xη
∂X ′µ
+gρη
∂2Xρ
∂X ′β∂X ′µ
∂Xη
∂X ′α
∂g′βµ
∂X ′α
=
∂gςη
∂Xρ
∂Xς
∂X ′β
∂Xρ
∂X ′α
∂Xη
∂X ′µ
+gρη
∂2Xρ
∂X ′α∂X ′β
∂Xη
∂X ′µ
+gρη
∂2Xρ
∂X ′α∂X ′µ
∂Xη
∂X ′β
(123)
From these equations we obtain
X ′µ
∂g′αµ
∂X ′β
+X ′µ
∂g′βµ
∂X ′α
=
(
Xη
∂gρη
∂Xς
+
∂gςη
∂Xρ
) ∂Xς
∂X ′β
∂Xρ
∂X ′α
∂Xη
∂X ′µ
+2Xρ
∂2Xρ
∂X ′β∂X ′α
(124)
where Eqs (27) have been taken into account. From Eq. (124) we finally
obtain
1
2σ′
[
X ′ς
( ∂g′ας
∂X ′β
+
∂g′βς
∂X ′α
)]
f ′κµX
′µ =
1
2σ
[
Xη
(∂gρη
∂Xν
+
∂gνη
∂Xρ
)]
f̺ςX
ς ∂X
̺
∂X ′κ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+
1
σ
XρX
ηfνη
∂2Xρ
∂X ′α∂X ′β
∂Xν
∂X ′κ
(125)
Summing Eq. (119) with Eqs (122) and (125), it follows that
Γ˜′λαβ = Γ˜
τ
ρν
∂X ′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+
∂X ′λ
∂Xρ
∂2Xρ
∂X ′α∂X ′β
(126)
where
Γ˜τρν = N¯
τ̺g̺ς
{
ς
ρν
}
+
N¯ τ̺X̺X
η
2σ
(∂fρη
∂Xν
+
∂fνη
∂Xρ
)
+
N¯ τ̺f̺ςX
ςXη
2σ
(∂gρη
∂Xν
+
∂gνη
∂Xρ
)
(127)
and
N¯ τ̺Nρ̺ = δ
τ
ρ with Nρ̺ = gρ̺ +
1
σ
fρηX
ηX̺ +
1
σ
f̺ηX
ηXρ (128)
Summing again Eq. (127) with Eq. (113) and the first equation of Eq. (116),
we finally obtain
Γ′
λ
αβ = Γ
τ
ρν
∂X ′λ
∂Xτ
∂Xρ
∂X ′α
∂Xν
∂X ′β
+
∂X ′λ
∂Xρ
∂2Xρ
∂X ′α∂X ′β
(129)
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where
Γτρν = Γ˜
τ
ρν +
N¯ τη
2σ
XηO(gρν) + δτρψν + δτνψρ (130)
It is not difficult to prove that the affine connection Eq. (55) satisfies the
postulates 1., 2. and 3. Indeed, if Aµ indicates a thermodynamic vector, we
have
A′λ = Aη
∂X ′λ
∂Xη
(131)
Deriving this equation, with respect to parameter ς, we obtain
dA′λ
dς
=
dAη
dς
∂X ′λ
∂Xη
+Aη
∂2X ′λ
∂Xτ∂Xη
dXτ
dς
(132)
Taking into account the following identities
∂2X ′λ
∂Xτ∂Xη
= −∂X
′λ
∂Xρ
∂X ′α
∂Xτ
∂2Xρ
∂Xη∂X ′α
= −∂X
′α
∂Xτ
∂X ′β
∂Xη
∂X ′λ
∂Xρ
∂2Xρ
∂X ′α∂X ′β
(133)
and Eq. (129), we find
δA′λ
δς
=
δAη
δς
∂X ′λ
∂Xη
(134)
The validity of postulates 2. and 3. is immediately verified, by direct com-
putation, using Eqs (32) and (35). The validity of these postulates was
shown above for a thermodynamic vector. By a closely analogous procedure
it can be checked that the postulated 1. , 2. and 3. are satisfied for any
thermodynamic tensor.
7 Appendix 2: Derivation of the Thermodynamic
Field Equations from the Action Principle.
In this appendix, the thermodynamic field equations by the principle of the
least action are derived. Let us rewrite Eq. (62) as
I =
∫ [
Rµνg
µν − (Γλµν − Γ˜λµν)Sµνλ
]√
g dnX (135)
where the expression of Sµνλ is given by Eq. (61). This action is stationary by
varying independently the transport coefficients (i.e. by varying, separately,
gµν and fµν) and the affine connection Γ
λ
µν . A variation with respect to Γ
λ
µν
reads
δIΓ =
∫ [
δRµνg
µν − δΓλµνSµνλ
]√
g dnX = 0 (136)
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By direct computation, we can check that
δRµν = (δΓ
λ
µλ)|ν − (δΓλµν)|λ (137)
Defining Kµν ≡ √ggµν , we have the identities
(KµνδΓλµλ)|ν = Kµν|ν δΓλµλ +KµνδΓλµλ|ν
(KµνδΓλµν)|λ = Kµν|λ δΓλµν +KµνδΓλµν|λ (138)
Eq. (136) can be rewritten as
δIΓ =
∫
(KµνδΓλµλ)|νdnX −
∫
Kµν|ν δΓλµλdnX +
∫
Kµν|λ δΓλµνdnX −∫
(KµνδΓλµν)|λdnX −
∫
Sµνλ δΓ
λ
µν
√
g dnX = 0 (139)
The thermodynamic covariant derivative of the metric tensor reads
gαβ|λ = gαβ,λ − Γηαλgηβ − Γηβλgηα (140)
from which we find
Γβλβ = −
1
2
gαβgαβ|λ +
1
2
gαβgαβ,λ (141)
Taking into account that δ
√
g = 1/2
√
ggµνδgµν , Eq. (141) can also be
brought into the form
Γβλβ −
1√
g
√
g,λ +
1√
g
√
g|λ = 0 (142)
On the other hand, we can easily check the validity of the following identities
(KµνδΓλµλ)|ν = (KµνδΓλµλ),ν + (Γβνβ −
1√
g
√
g,ν +
1√
g
√
g|ν)KµνδΓλµλ
(KµνδΓλµν)|λ = (KµνδΓλµν),λ + (Γβλβ −
1√
g
√
g,λ +
1√
g
√
g|λ)KµνδΓλµν (143)
Therefore, from Eq. (142), the terms∫
(KµνδΓλµλ)|νdnX and
∫
(KµνδΓλµν)|λdnX (144)
drop out when we integrate over all thermodynamic space. Eq. (139) reduces
then to
δIΓ = −
∫
Kµν|ν δΓλµλdnX +
∫
Kµν|λ δΓλµνdnX −
∫
Sµνλ δΓ
λ
µν
√
g dnX = 0 (145)
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It is seen that δIΓ vanishes for general variation of δΓ
λ
µν if, and only if,
− 1
2
Kµα|α δνλ −
1
2
Kνα|α δµλ +Kµν|λ − Sµνλ
√
g = 0 (146)
Contracting indexes ν with λ, we find
Kµα|α −Ψµαβgαβ
√
g = 0 (147)
where Eq. (61) has been taken into account. Thanks to Eq. (147), Eq. (146)
becomes
Kµν
|λ
= Ψµαλg
να√g +Ψναλgµα
√
g (148)
From the identity δgµν = −gµαgνβδgαβ , we also have
Kµν|λ =
√
g|λg
µν +
√
ggµν|λ =
1
2
√
ggµνgαβgαβ|λ −
√
ggµαgνβgαβ|λ (149)
Eq. (148) reads then
− gµαgνβgαβ|λ +
1
2
gαβgαβ|λg
µν = Ψµαλg
να +Ψναλg
µα (150)
Contracting this equation with gµν , we find, for n 6= 2
gαβgαβ|λ = 0 (151)
where Eqs (59) have been taken into account. Eq. (150) is simplified as
− gµαgνβgαβ|λ = Ψµαλgνα +Ψναλgµα (152)
Contracting again Eq. (152) with gµηgνρ, we finally obtain
gηρ|λ = −Ψαηλgαρ −Ψαρλgαη (153)
The first two field equations in Eqs (63) are straightforwardly obtained con-
sidering that from Eq. (153) we derive Γλµν − Γ˜λµν = 0 (see section 2).
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